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The Problem

Can you fill this grid? Which realizations exist?

Try to fill in this grid so that each number You have filled what is called a latin square! It is not always possible to find a realization for a partition. The latin square below shows that
there is no 2-realization for (1,1), since the subsquares cannot be symbol-disjoint.

This problem of existence is only partially solved.

from 1 to 7 occurs exactly once in each

This latin square is extra interesting be-
row and column.

cause it contains a set of smaller latin

119 squares. These smaller squares are called The latin squares on the right are realizations with subsquares of order 1 and 2.
271 subsquares, and they are row, column and

34 symbol disjoint. 1 25634 112 453
4 3 The subsquares are of orders 2, 2, 2 and 1, 1 9 2. 16/54/3 21 53 4
516 so we call this a realization of (2,2,2,1). 2 6 3 41 2 45 3 211
Jk 2 | sTal112]5]8 53 140
! There is no 2-RP(1?) 43 21 6 5 3141211 5
A realization of (2,1,1,1)

A realization of (2,2, 2)

Limiting Subsquares Wide Columns

What if we specify the number of subsquares? How can we make latin squares easier to find?
Most of the known results are for partitions with at most four subsquares [1]. Imagine that you have a column which has two copies of every symbol, rather than just one.
You might say this has a "width" of two.
1. The subsquare is the Using a colouring of a bipartite graph, we can actually turn that column into two columns,
whole square. with each number occurring once in each [2].
2: Regardless of the size of Row  Symbol
the subsquares, no realiza-
tion exists. 1 2 \< 1 | 2
3: They must all be the same 30 = % = 30
size. 3 4 4 | 3
4: At least three of them / \
. 1 5 5 |1
must be the same size.

Outline Squares Five Subsquares Interesting Results

As well as completing the case of five subsquares, we

A general method for filling latin squares Which realizations exist?
have shown that:
ifvi ite diffi i Using outline squares, we determined exactly which . .
Specncylng the co.nte.nts of every cell can be quite .d!fflcult,.and this makes 18 © squares, _ , y If a realization of (hi, hy, hs, ha, hs) exists, then a
constructing realizations for a broad range of partitions quite complicated. realizations with five subsquares exist. It's a lot more cealization of

complicated than with four or fewer!

1 1/5 5[3 3 (h+q,h+q,h3+ g, ha+ g, hs + q)
It there are k subsquares, then 2 2|6 64 4 exists for any positive integer g.
using "wide” columns and rows, 5 53 311
we just need to construct an out- 6 6 4 4 2 2
line >quare. 4 k X Kk grid, with 3 371 1755 For any realization with at least five subsquares, if
multiple entries per cell. 4 412 216 6 the order of the largest subsquare is at most three
An outline square for (2,2, 2) times the smallest, then the realization exists.

[1] Heinrich, 1976. [2] Hilton, 1980.
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